Abstract-Recently, Blackford and Ray-Chaudhuri used transform domain techniques to permutation groups of cyclic codes over Galois rings. They used the same technique to find a set of necessary and sufficient conditions for extended cyclic codes of length 2 over any subring of GR (4 ) to be affine invariant. Here, we use the same technique to find a set of necessary and sufficient conditions for extended cyclic codes of length over any subring of GR ( ) to be affine invariant, for = 2 with arbitrary and for = 2 with arbitrary . These are used to find two new classes of affine invariant Bose-Chaudhuri-Hocquenghem (BCH) and generalized Reed-Muller (GRM) codes over for arbitrary and a class of affine invariant BCH codes over for arbitrary prime .
I. INTRODUCTION
The automorphism/permutation groups of codes over finite fields are known to be useful for decoding (see [1] - [7] , for example). Permutations of F p (where p is a prime) of the form x 7 ! ax + b, where a; b 2 Fp ; a 6 = 0, are called affine permutations. These permutations form a subgroup of the symmetric group of order p m which is denoted as AGL(1; p m ). A code of length p m with components indexed by elements of Fp is said to be affine invariant if it is invariant under the affine permutations.
Clearly, affine invariant codes, after the 0th component is deleted, are cyclic codes. Kasami, Lin, and Peterson [8] found a necessary and sufficient condition on the defining set of any cyclic code over a finite field, under which the extended cyclic code is affine invariant. As corollaries, they showed that the famous extended Bose-Chaudhuri-Hocquenghem (BCH) and generalized Reed-Muller (GRM) codes are affine invariant. Often it is comparatively easier to determine the full permutation groups of affine invariant codes [9] - [13] .
Though coding theorists have for a long time had theoretical interest in codes over integer residue rings [14] , [15] , codes over integer residue rings, and more generally over Galois rings, have received serious attention [16] - [22] after it was shown [23] that some important families of nonlinear binary codes can be obtained via Gray map from linear codes over 4 .
The conditions for extended cyclic codes over integer residue rings to be affine invariant were derived by Abdukhalikov [24] . Blackford and Ray-Chaudhuri [25] used a transform domain approach to characterize affine invariant extended cyclic codes of length 2 m over subrings of GR (4; m) and using this characterization, they found new classes of affine invariant BCH and GRM codes over Galois rings. In this correspondence, we extend their approach to extended cyclic codes of length 2 m over any subring of GR (2 e ; m) and also to extended cyclic codes of length p m over GR (p 2 ; m) for arbitrary prime p. In Section II, we discuss some basic facts about Galois rings and cyclic codes over Galois rings as a preparation to the subsequent section, where the results of this paper are presented. We conclude with few remarks in Section IV.
II. PRELIMINARIES
Let us start with some basic and important properties of Galois rings. For details on these properties and their proofs, the reader is referred to [26] . Clearly, if 0 2Te, thenĈ is the extension of the cyclic code C via a parity check, where C has defining sets T j = fs mod njs 2T j n f0gg: Let us assume n 6 2T 1 , since otherwise the codeĈ, if affine invariant, is over pGR(p e ; m). The MS polynomial of a codeword is defined to be that of the corresponding codeword of the cyclic code. In the following, two important classes of cyclic (and extended cyclic) codes are discussed.
A. BCH Codes
BCH codes over p were first defined by Shankar [14] . Generalization to BCH codes over Galois rings is straightforward and natural. But Blackford and Ray-Chaudhuri [25] gave a more general definition of BCH codes over Galois rings. For (n; p) = 1, suppose 1 e e01 111 1 n 0 1:
Then the BCH code B(n; 1 ; . . . ; e ) of length n over GR(p e ; m) with designed distances 1; . . . ; e is defined to be the cyclic code with defining sets
where [i] q denotes the q-cyclotomic coset modulo n of i. Similarly, the extended BCH codeB(n; 1; . . . ; e) of length n + 1 is defined as the extended cyclic code with defining setŝ
Shankar's definition of BCH codes is obtained by assuming 1 = 2 = 11 1 = e. Note that, if p = 2, we can always take each designed distance to be odd, since if i 0 1 2T i is odd, then i is also inT i and so we can take i + 1 to be the ith designed distance as well. The subgroup of Sym(n) defined as where a s;l;i 2 Tm. Parity of any integer i is defined as
B. GRM Codes Over p
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III. AFFINE INVARIANT CODES OVER GALOIS RINGS
if i is odd. 
Proof:
The proof is by induction on m1 . Clearly, the result is true for m 1 = 0. Suppose it is true for m 1 0 1 for some m 1 1. Then we need to prove it for m 1 .
Obviously, the result is true for m2 = 0. Suppose m1 m2 > 0. Proof: The proof is by induction on j . Clearly, the statement is true for j = 0. Suppose it is true for j (< e 0 1). Then it needs to be proved for j + 1. It is trivial by using the For j = i, the necessary and sufficient condition in Theorem 10 states thatT 1 ; . . . ;T e are lower ideals in [0; n]. In particular, for i = 2; j = 1, the condition is equivalent to s 2T 2 ; M (1) m;2 (s; k) 6 0 mod 2 ) 2 m01 1 k 2T 1 :
By the induction hypothesis
So, for e = 2, the theorem gives [ Though the condition for extended cyclic codes to be affine invariant as derived here as well as in [25] do not seem to have any similarity with that derived in [24] , as seen in the following example, they impose the same conditions on the defining sets. Abdukhalikov's result also imposes the same condition onT 1 for the code to be affine invariant. However, one has to be careful in comparing his result with that presented here, since his definition of defining sets differs from the way they are defined here and in [25] .
The following theorem identifies a class of affine invariant BCH codes using Theorem 10. The following corollary gives stronger conditions for pairs of consecutive designed distances, under which a BCH code is affine invariant. If these stronger conditions are satisfied by the designed distances, one need not check for the other conditions required by Theorem 12, since, then they are automatically satisfied.
Corollary 13: LetB(n; 1 ; . . . ; e ) be the extended BCH code of length n + 1 = 2 m over 2 with designed distances 1 ; . . . ; e . If i01 2 i 02 for 1 < i e, then the codeB(n; 1 ; . . . ; e ) is affine invariant.
Proof: We shall show that ifB(n; 1; . . . ; e) satisfies these conditions, then it also satisfies the conditions of Theorem 12. The GRM codes over 4 of order (r; r) are known to be affine invariant. However, the same is not true for GRM codes over p for e > 2, that is, GRM codes of order (r; r; . . . ; r) over 2 are not necessarily affine invariant. In the following, we proceed toward finding a class of affine-invariant GRM codes over 2 . In the second case, by the induction hypothesis Proof: Clearly, for i = 1; . . . ; e,T i is a lower ideal. This completes the proof for e = 1. Now, we need to prove condition 2) for By Corollary 11, the code is affine invariant. So, the code is affine invariant.
B. Arbitrary p and e = 2
In this subsection, extended cyclic codes over GR(p This will be an MS polynomial ofĈ if i 2T 2 whenever i p s (i.e., T 2 is a lower ideal) and if M m;p (s; k) 6 0 mod p ) kp (m01) 2T 1 .
Thus, conditions 1) and 2) must hold forĈ to be affine invariant and vice versa.
The following theorem gives some sufficient conditions under which extended BCH codes of length p m over p are affine invariant. ) k 1 0 1 whenever M m;p (s; k) 6 0 mod n ) k 2T1 whenever Mm;p(s; k) 6 0 mod n:
IV. CONCLUSION
A set of necessary and sufficient conditions were derived for extended cyclic codes of length p m over any subring of GR(p e ; m) to be affine invariant for p = 2 with arbitrary e and for e = 2 with arbitrary p. Classes of affine invariant BCH codes and GRM codes over
